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Abstract 

The main purpose of the paper is to investigate Killing vector field on 
the tangent bundle T (M„) of the Riemannian manifold with respect to 
the Levi-Civita connection of the metric II + III . 
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1. Introduction 

Let M n be a Riemannian manifold of class C°° with g. Then the set T (M n ) 
is tangent bundle over the manifold (M n ). We denote by (M„) the set of 
all tensor fields of type (p, q) in M n and by tt : T (M n ) — > M n the naturel 

projection over M n . For U C M n , (^x % ,x % ^ ,i = 1, n and i' = n + 1, In are 

local coordinates in a neighborhood 7r _1 (U) C T (M„). 

Let M n be a Riemannian manifold with metric g whose components in a 
coordinate neighborhood U are . In the neighborhood tt" 1 (U) of T(M n ), 
U being a neighborhood of M n , we put 



Sy n = dy n + r?dx z 

with respect to the induced coordinates (x h ,y h ) in it^ 1 (U) C T(M n ), where 



rj 1 = j/- 7 and denoted by Christoffel sembols formed with gji .Then we 



see that 

I : gjidx 3 dx 1 
II : 2gjidx j Sy l 
III : gjiStfSy* 

are all quadratic differential forms defined globally on the tangent bundle 
T{M n ) over M n and that 
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II + III : 2 gji dxHy l + g^Sy* 



is non-singular and consequently can be regarded as Riemannian or pseudo- 
Riemannian metric on the tangent bundle T (M n ) over M n . 
The metric II + III has components 

and consequently its contravariant components 

= ( C ) < 2 > 

with respect to the adapted frame on T (M n ). 
The frame components of Levi-Civita connection of lift metric g are as 
follows [3]: 



where denote the Christoffel symbols constructed with gji on M n . 
Let X be a vector field in T (M n ) and (x^J = ^ ^j^- J its components with 
respect to the adapted frame. Then covariant derivative VX has components 

V 7 1 Q = D 7 X a + r% fS X f> , (4) 
f°, being given by (3), where D 1 = A*d B , (A%) = (s|,Cf), B h B and 

Cl being defined by (B*) = (^,o) , (eg) - (i*,**) ■ 

Consider a vector field X in M n .Then its vertical lift V X, complete lift 
c X and horizontal lift H X have respectively components 




with respect to with respect to the induced coordinates in T (M n ) . Then 
their components ' X a = A%X A , X a = A a A X A , X° = A%X A 
with respect to the adapted frame are given respectively by 




where VX h = y i W i X h (see Sasaki [I]). 
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2. Killing vector fields 



~V ~C ~H 

The covariant derivatives V X, V X and V X have respectively compo- 



nents 



o 

V t X h + \y s R h slJ Xi 
= ( % XK - ? C X - ) 



(7) 



s/jx h = hrm„x ! 

~C -r 

V, x h 
VjX* 



V t X h -\y s (R h S]l + R%) X> - \y'R%ViXi V 



v,V/.v\,/ + y s R%xi + ijirirxx- 
V t X h + \y s R h sji Xi 



(8) 



(v» = ( 



v,x f 



Rl 



X' 



\y s R h sji x j 



with respect to the adapted frame, because of (3) and (6). 
Thus we have 



(9) 



Theorem 1 The vertical, complete and horizontal lifts of a vector field in M n 
to T (M n ) with the metric II + III are parallel if and only if the given vector 
field in M n is parallelj^. 

Given a vector field X in T (M n ), the 1 — form , uj defined by uj (y^J = 

7j ^X, Y^j , Y being an arbitrary element of Tq 1 (M n ), is called the covector field 

associated with X and denoted by X*. If X has local components X A , then 
the associated covector field X*oi X has local components Xc — 1)caX a . 

Let wbeal- form in M n with components u>i . Then the vertical , complete 
and horizontal lifts of to to T (M n ) have respectively components [B] 

( V UJ B ) = (w is 0), ( C LJ B ) = (dUi,Ui), ( h lo b ) = (-rfw fc ,Wi) 

with respect to the induced coordinates in T (M n ) . 

The associated covector fields of the vertical, complete and horizontal lifts to 
T (M n ), with the metric to II + III , of a vector field X with components X h 
in M n are respectively 



( v Xp) = (X u Xi) , ( C X P ) = (VXi, X, + VI,) , ( H X P ) = (0, Xi) (10) 
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with respect to the adapted frame, where X* — gihX h . Thus the rotations 
of v X, c X and H X have respectively components 



y p x a -v a x p ) = 



R h sll )y s X h WiXj 



v,x 4 



(11) 



f~C 
Vfl X a 



~c 



: x 3 - V°Xi 



~c 



VjX 



vf x,- - v^x 

vf X 7 - Vy X = (ViAj - V,X) - 
V 7 C X 7 -VyX- = 



(V,V ; - V,V<) y% + (R h S3l - R h sl] ) y*VX h 
(ViVi-ViV^tfXj 
'X h 



SJlJ 



R 



SI] 



R sji) 



(12) 



y s x h 



v fl x 



~H 




~H 

,-VjX 

vfx 7 -vfx. 



v 3 X Q 



v Q x^ 



v, x, 

-H _ 



~H 

V, X, 



Vrx ? -f X = (ViX 3 - - V,X) 
vfXj-VjX^O 



Rl 



1 (Rt 



with respect to the adapted frame. 
From (12), we see that 



y s x h 



(13) 



ViXj - VjXi = 0, ViViXj = 0, 



(14) 



if the complete lift of X* is closed in T (M n ). Further, if the conditions (14) 
are satisfied, we easily deduce that (-R^ — Rsij) i/ s VX(, = and (i?^ — Rgji) y 8 Xh 
0, so that the complete lift of X* is closed in T (M n ) if X* is closed and the 
second covariant derivative of X vanishes in M n . 

A vector field Xe3j (M n ) is said to be a Killing vector field of a Riemannian 
manifold with metric g, if Lxg = 0[3]. In terms of components gji of g, X is a 
Killing vector field if only if 



L x g = X a V a9ll + g m VjX a + g 3a V t X a 



VjXi 



ViXj = 0, 
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X a being components of X, where V is the Riemannian connection of the 
metric g. 

The Lie derivatives of the metric 77 + III with respect to V X, c X and H X 
have respectively components 

(%X a + V V Q X,) = ( V ^ J J V ^ ) (15) 

/- c ~c x / vf X 3 + vfx Vf + Vj X \ 

' V°Xj + VjXi = ViViXjy 1 + {R hsij + R hsji ) X h y s 

Vf Xj + Vj X = {ViXj + VjXt) + (ViViXj + VjViXi) y l 

V-fx J + VjX T = 



(16) 



'~n ~ H n / vf X 3 + vf X vfXj + Vj X 
y V VyXj + V,-^ V-^ + VjJ^ 



(17) 



vf x, + vf x = y s (i?^. + i?y X, 

jf Xj + Vj X = ViXi + V;X + i (i^, + i?V) y-Jf h 
Vi Xj + Vj Xj = -iy s (ii sij + # sji ) x h 

I vfxj + v-x^o 

with respect to the adapted frame in T (M n ). 
Since we have 

VjVjXj + (Rhsij + Rhsji) X h = 

as a consequence of VjXj + V,Xj = (seejj), we conclude by means of 
(16) that the complete lift X is a Killing vector field in T (M n ) if only if X is 
a a Killing vector field in M„. 

We next have 

{R hsij + R^ji) X h = and (R h slJ + R h S]t ) X h =0 

as a consequence of the vanishing of the second covariant derivative of X . 
Summing up these results, we have 

Theorem 2 Necessary and sufficient condition in order that (a) complete, (b) 
horizontal lifts to T (M n ) with the metric II+III , of a vector field X in M n , be 
a Killing vector field in T (M n ) respectively are that, (a) X is a Killing vector 
field with vanishing covaryant derivative in M n , (b) X is a Killing vector field 
with vanishing second covaryant derivative in M n . 
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